We report an application of the O-lattice theory to systematically analyse the structures of symmetrical tilt grain boundaries with the rotation axis of ©001ª and demonstrate a theoretical interpretation of the experimentally observed structures of a near 5 grain boundary in MgO in terms of the structural-units model and the periodicity of the O-points on the boundary. We further derive generalised decomposition formulae for the symmetrical tilt grain boundaries which are closely related to the distribution of irreducible rational numbers.
Introduction
Grain boundaries with a large index rarely exist in nature, and can be decomposed into the ones with a smaller index due to relaxation. Over two decades ago, both symmetrical and asymmetrical tilt grain boundaries were intensively studied 116) and a general consensus was that actual configurations of grain boundaries could be realised by arranging smaller structural units. Since then, numerous experiments and calculations on the grain boundary geometries have been conducted and the study of interfaces in crystalline materials was summarised by A. P. Sutton and R. W. Balluffi. 17) R. C. Pond and his collaborators provided a general theoretical framework in regard to the symmetry of space groups and point groups on the dichromatic pattern and complex of two adjacent lattices 18, 19) that was closely related to the periodic appearance of structural units as energetically stable configurations.
Recently, observations due to high resolutional microscopy combined with theoretical calculations have been conducted 2023) and M. Saito et al. 24) observed the atomic-scale structures of symmetrical tilt grain boundaries with a bonding angle of 35.3°in a bicrystal of MgO. They demonstrated that the (410)-structural units of 17 are periodically intercalated in between the (310)-structural units of 5 and recognised such phenomenon as the periodic appearance of displacement-shift-complete (DSC) dislocations.
While most of the successful works relied on microscopical observations and extensive numerical calculations, we propose a novel method to analyse the structures of symmetrical tilt grain boundaries of simple cubic crystals with the rotation axis of ©001ª with a mathematically evident argument. Sutton et al. gave an algorithm to obtain the arrangement of structural units assuming that the boundary structure can be described by two favoured boundaries as a linear combination of them with coprime integral coefficients and the structure changes as continuously as possible according to the misorientation. 3) Our approach to describe the boundary structure is the converse of their argument. We directly derive the decomposition formula of the ©001ª grain boundaries and reproduce the previously observed results by the aid of the structural-units model and conventionallycalled the O-lattice theory. The ratio of the number of the structural units is precisely given as a corollary.
The O-lattice theory was introduced by W. Bollmann 2529) as a way of generalisations of the coincidence-site-lattice (CSL) theory. 30) We utilise the O-lattice as an indicator of the periodicity of the structural units and therefore, it is different from the way Bollmann proposed. In this theory, let L 0 be a 2-dimensional square lattice and L 1 , L 2 be lattices which satisfy L i ¼ A i ðL 0 Þ (i = 1, 2) for a non-degenerate linear transformation A i . Let UðL 0 Þ denote the unit cell of L 0 and jUðL 0 Þj denote its area. In what follows, the pair of lattices ðL 0 ; L 1 Þ is assumed to be a configuration slightly deviated from the optimal configuration ðL 0 ; L 2 Þ. For the dichromatic pattern 18, 19) of a pair of lattices ðL 0 ; L i Þ, an O-point a with respect to A i can be expressed by the following basic equation which can be derived by the Frank-Bilby formula:
where I is the identity matrix and t 0 is an arbitrary translational vector in L 0 . From the eq. (1), a is recognized as the centre of the linear transformation A i in the dichromatic pattern of ðL 0 ; L i Þ. In this sense, the O-lattice is a way of generalisation of the CSL since any of the CSL points can be the centre of a rotational transformation. One of the points the O-lattice theory has been criticised is that the choice of A i is not unique. However, this ambiguity allows us to choose an appropriate transformation according to the problem. Let
Conversely, given an O-point and the transformation A i , the configuration of the lattices around it is recovered. From the eq. (1), one can see that jUðL 0 Þj=j detðI À A
À1
i Þj gives the area of the unit cell of the O-lattice and therefore that j detðI À A
i Þj is a sort of the density of O-points as with in the CSL theory. Generally, an O-lattice is a super-lattice of the CSL in a CSL configuration if A i is a rotational transformation and thus the unit cell of an O-lattice is smaller than that of the CSL. The O-points can be classified in terms of the internal coordinates. Two O-points are equivalent if their internal coordinates coincide, the representatives of which are called the reduced O-points. It can be shown that there are two types (resp. four types) of reduced O-points for the ðm 1 0Þ-plane where m is an odd (resp. even) integer if A i is a rotational transformation. Table 1 shows the examples of the reduced O-points for the small 's.
The O-lattice defined above is called the primary O-lattice or simply the O 1 -lattice. As an alternative, we can also define a secondary O-lattice or simply an O 2 -lattice. The O 1 -lattice
maps L 2 to L 1 and thus the trans- 
Application of the O-Lattice Theory
We first demonstrate the application of the O-lattice theory by focusing on the symmetrical tilt CSL grain boundaries. The term near CSL 37) can be defined as a configuration of a pair of two lattices which are, in a sense, close to an optimal configuration (a favoured boundary, 3) or a preferred state 28) ). Note that the term near CSL can be used even for a CSL configuration with a high . Let L i be given by the rotation of L 0 with a rotational transformation Rð2ª i Þ of the angle of 2ª i (i = 1, 2), respectively. It is assumed that a CSL configuration with a high can be approximated by two of the optimal reference configurations with low 's. In this way, the periodicity of grain boundaries can be easily evaluated by the structural-units model. 25) In this paper, we consider the ðq p 0Þ-planes. As highlighted in Fig. 1 , the structural unit of symmetrical ðq p 0Þ-grain boundary can be defined to be a kite-shaped tetragon which is made by gluing a pair of right triangles of a group of atoms at their hypotenuses whose sides in the right angles are qa and pa where a is the average atomic distance. Since a desired resolution around the boundary may not always be obtained, we take a larger cell enclosing the structural unit defined above. Figure 1 shows the atomic configurations of the (310)-structural units of the 5 boundary and the (410)-structural units of the 17 boundary where two lattices L 0 and L 1 are superposed. The CSL boundary is defined by the line passing through the CSL points below which there are points of L 0 and above which there are points of L 1 .
If ðL 0 ; L 1 Þ is of a CSL configuration, it holds that tan ª 1 ¼ p=q for coprime positive integers p and q. It is shown that the periodicity of the structural units in the ðq p 0Þ-plane is p. By taking A ¼ Rð2ª 1 Þ in the eq. (1), we have
By applying the eq. (4) to a translational vector ð0; lÞ of L 0 for an integer l to obtain the O-points on the ðq p 0Þ-plane, one can have
Then the point l=2ðq=p 1 0Þ belongs to the ðq p 0Þ-plane. The CSL points are obtained by the eq. (5) if the parameter l is divisible by 2p. If l is odd, the first component of the eq. (5) varies while the second component is maintained at 1/2 in terms of the internal coordinates. It is concluded that the internal coordinates in the eq. (5) is periodic and the periodicity can be precisely given by 2p. By drawing virtual structural units passing through O 1 -points alternately, it can be shown that the periodicity of the structural units is given by p. In order to validate the above method, we consider the ð22 7 0Þ-structure as a model case which corresponds to the misorientation of the angle of 35.300°(tanð35:300 =2Þ ' 7=22) and is a near (310) 5-structure of the angle of 36.869°( tanð36:869 =2Þ ' 1=3). Figure 2 shows the dichromatic pattern of the ð22 7 0Þ-structure with the unit cells of L 0 . It can be seen that O-points in the virtual structural unit shifts periodically in UðL 0 Þ. In the fourth structural unit from the left, one finds an O-point at the edge of UðL 0 Þ whose internal coordinates are ð0; 1=2Þ with respect to the coordinate system of L 0 . Since the theoretical grain boundary is on the ð22 7 0Þ-plane the above argument suggests that the periodicity of the structural units is 7. The deviation of the angle 35.300°identifies this CSL configuration as 533 which is in between 36.869°(5) and 28.072° (17) . Therefore this grain boundary can be described by the combination of the (310) and the (410)-planes. The internal coordinates of the eq. (5) becomes ð0; 1=2Þ if l ¼ 7 þ 14k for each integer k which appears not in the 5 but in the 17 configuration ( Table 1 ). The decomposition is thus given by the linear combination with integral coefficients of the reference boundaries.
3) Namely, it holds that ð22 7 0Þ ¼ 6ð3 1 0Þ þ 1ð4 1 0Þ, which is viewed as a decomposition of a reciprocal vector. Once two reference structures are determined appropriately, one can obtain the integral coefficients uniquely for a specific grain boundary. Figure 3 shows an ABF-STEM image of the MgO grain boundary with a bonding angle of 35.3°and a corresponding schematic plot of the structural units, indicating that the periodicity of the structural units is 7 though it can be varied in the presence of impurities. 24) For each m ¼ 2; 3; 4; 5; . . . , let p/q be a rational number for coprime positive integers p and q with 1=m < p=q < 1=ðm À 1Þ. Since the ðm 1 0Þ and the ðm À 1 1 0Þ-planes can be the reference structures for the ðq p 0Þ-plane, the first decomposition rule is summarised as follows:
where n 1 ¼ q À ðm À 1Þp and n 2 ¼ Àq þ mp are positive integers. Similar equations were discussed by A. A. Levi et al. 15) and by Sutton et al. 38) to describe the arrangement of the structural units. Note that n 1 þ n 2 ¼ p defines the periodicity of the structural units. It holds that n 1 > n 2 if the ðq p 0Þ-plane is close to the ðm 1 0Þ-plane i.e. 1=m < p=q < 2=ð2m À 1Þ and n 1 < n 2 holds otherwise where 2=ð2m À 1Þ is the harmonic average of 1/m and 1=ðm À 1Þ. The eq. (6) not only agrees with the microscopical observation by Saito et al. 24) but successfully generalise the results of theoretical calculations by G. J. Wang et al., 8, 9) relatively recent results by S. P. Chen et al., 14) and most of the experimental results by N. D. Browning et al.
16) It should be remarked that our argument goes in the opposite direction of Sutton's.
3) Although we only focus on the near ð3 1 0Þ 5 grain boundaries in this paper, the formula can be valid in more general cases which will be discussed further. Readers can refer to the decomposition table of the (qp0)-planes around 5 ð2ª ¼ 36:869 Þ with p < 10 presented in Table 2 and more detailed cases for larger p's in the appendix.
We may assume that the periodicity p is smaller than 10 since nature might not prefer a long periodicity. Then it can be shown that the numerators of the irreducible rational numbers in between 1/m and 1=ðm À 1Þ which are smaller than 10 form a mirror-symmetric sequence fp l g 
where n
For instance, the ð32 9 0Þ-structure corresponding to the misorientation angle of 31.417°decomposes into 5ð4 1 0Þ þ 4ð3 1 0Þ according to the eq. (6). On the other hand, since 9/32 is in between 7/25 and 2/7, the ð32 9 0Þ-structure can be composed of the ð25 7 0Þ and the ð7 2 0Þ-structures, each of which decomposes into 4ð4 1 0Þ þ 3ð3 1 0Þ and ð4 1 0Þ þ ð3 1 0Þ, respectively, corresponding to the decomposition of the periodicity 9 into 7 and 2. It can be easily seen in Table 2 . Note that the ðm 1 0Þ-plane can be decomposed into smaller indices when m is greater than 4. The findings by Saito et al. 24) can be interpreted from a viewpoint of the O 2 -lattice. Figure 4 shows the dichromatic pattern of the ð22 7 0Þ-structure with the virtual structural units in which the line passing through the CSL points indicates the ð22 7 0Þ-boundary connecting two CSL O 2 -points and the diagonal lines are the boundary of the WignerSeitz cells of O 2 -points. Given cot ª 2 is an odd integer, A 1 ¼ Rð2ª 1 Þ and A 2 ¼ Rð2ª 2 Þ in the eqs. (1) and (3) 
Þ, the value of the eq. (9) is given by 7 ffiffi ffi 2 p . The length of the diagonal line of the unit O 2 -cell is therefore estimated to be 14 l O 1 , indicating that there are 15 O 1 -points that are arrayed regularly on the CSL boundary in Fig. 4 . The theory of the O 2 -lattice suggests that a DSC dislocation can 
Conclusion
We have applied the O-lattice theory to analyse the structures of symmetrical tilt grain boundaries of cubic crystals with the rotation axis ©001ª and successfully derived a decomposition formula for symmetrical tilt near 5 grain boundaries. We provide a convincing theoretical interpretation for the observed structures of a near 5 grain boundary in MgO both from the structural-units model and the theory of the secondary O-lattice. The established theoretical formulae help to elucidate the fundamental structural relationship in a grain boundary and provide an approach for understanding structures of random grain boundaries. 
